We investigate the physical mechanisms responsible for fine structure in the photoelectron angular distributions from atoms subject to intense midinfrared laser fields by solving the time-dependent Schrödinger equation in the integral form. By restricting the ionization to a half cycle of the laser field and then propagating the liberated electron wave packet during the laser pulse, we show conclusively that low-energy-momenta structure in the photoelectron angular distribution originates from multiple scatterings of the tunnel-ionized electron with the ion. We also show that two conditions must be satisfied simultaneously in order to observe prominent low-energy features. First, multiple scattering of the tunnel-ionized electron wave packet is necessary. Second, tunnel ionization must dominate over multiphoton ionization. While the first condition is generally satisfied for all laser wavelengths, the second condition is satisfied only for longer laser wavelengths. An intriguing possibility driving research worldwide is the extent to which electrons extracted from a molecule by an intense femtosecond laser pulse carry information about the structure and dynamics of the molecule itself [1] [2] [3] . However, before this question can be fully addressed, a complete understanding of strong-field ionization (SFI) of atoms is needed. Both atoms and molecules illuminated with intense femtosecond laser fields exhibit a universal response, where they undergo strong-field ionization [4] [5] [6] [7] [8] and can also emit high-order harmonics of the fundamental laser field [9] [10] [11] . The recent ability to measure the full photoelectron angular distribution from atoms ionized by midinfrared (IR) laser fields provides a rich data set with which to compare experiment with theory, making it possible to uncover the physical mechanisms involved in SFI. Recent work explained some of the major features apparent in intense-field photoelectron spectra of atoms as resulting from electrons scattered by the Coulomb potential that can accumulate a different phase and interfere with electron trajectories that do not scatter [12, 13] . However, other low-energy-momenta features that appear in the photoelectron angular distributions of atoms ionized by mid-IR lasers [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] were more challenging to explain.
Very recently, a simple and intuitive plane-spherical-wave (PSW) interference model [27] was used to explain most of the complex structures that appear in the photoelectron spectra of atoms ionized by mid-IR femtosecond lasers. The PSW model takes into account the quantum phase accumulated by the electron wave packet, which depends on the particular trajectory or journey it takes in the laser field. In this picture, a returning electron wave packet, driven by the laser field, passes by the parent ion (plane wave) and interferes with the part of the wave packet that scatters off the parent ion (spherical wave).
* tong.xiaomin.ga@u.tsukuba.ac.jp Thus, the shape and spacing of the photoelectron interference structures directly correspond to the specific number of times the electron reencounters its parent ion before scattering strongly. However, while the PSW model explained most of the major features in the photoelectron momentum distributions, such as the low-energy parabolic nodal (spiderlike) structures centered around the polarization axis, additional rich structural features [moderate longitudinal oscillations; see Fig. 1 (a) in Ref. [27] or Fig. 1(d) in Ref. [20] ] at higher energy-momenta were not explained.
In this work, by solving the time-dependent Schrödinger equation in the integral form, we show quantitatively that the low-energy features in mid-IR strong-field ionization photoelectron angular distributions are due to multiple rescattering of the electron in the laser field. We also explain why these interferences are only observed experimentally for long driving laser wavelengths. Moreover, we find that the features appearing as moderate oscillations in the photoelectron distribution at higher energy are due to intra-half-cycle interferences (see Fig. 1 ).
The photoelectron angular distributions created during strong-field ionization can be thought of as originating from two sequential interference processes: (1) interferences of electron wave packets created in a particular half-cycle field and further propagated in the remaining laser field and (2) interferences between the electron wave packets created in different half cycles. The first process provides the most dynamical information and gives rise to the global structure, as shown in Fig. 1(a) . The second process gives rise to the detailed structure in the photoelectron angular distribution, such as the peak positions and widths, as shown in Fig. 1(b) .
To identify the mechanisms responsible for moderate longitudinal oscillations (ellipses in Fig. 1 ), and to show from first principles that fine structure at low momenta is due to multiple scattering of the electron, we explore photoelectron distributions from a given half cycle of the driving laser field. To do this, we solve the time-dependent Schrödinger equation in the integral form [28, 29] , which allows us to separate the "creation" of the electron wave packet from its propagation (atomic unitsh = e = m e = 1 are used):
Equation (1) shows the fact that the final total electron wave function is a coherent superposition of the electron wave packet "created" between the t k and t k+1 time period and then propagated in the combined atomic and remaining laser fields;
is an atomic Hamiltonian in an external laser field; H 0 is the laser-field-free atomic Hamiltonian; V ext (t) is the atomic-laser interaction in the velocity gauge,
and the vector potential A(t) is expressed as
For this study, we use the velocity gauge because of convergence considerations [7, 30] . The laser field is expressed as
where E 0 is the laser peak field strength,ˆ is the unit vector of laser polarization direction, ω is the laser center frequency, and τ is the pulse duration. Because a laser field is periodic, the dynamics that occurs within each half cycle is similar apart from a phase due to the time shift. The final electron momentum distribution is a coherent sum of each half-cycle contribution. Thus, to understand physical origins of the rich features in the photoelectron distributions in mid-IR laser fields, we focus on the ionization process during the half-cycle period at the peak of the laser pulse, for a laser wavelength of 1600 nm and intensity 10 14 W/cm 2 , with a pulse duration of ten optical cycles, as shown in Fig. 2 . Just after the ionization during the peak half cycle of the laser field (Fig. 2, IQ1 and IQ2 ), according to the definition of tunnel ionization, any electron wave packet located in the outer region (r r c , with r c the classical tunneling position from the center) comes from tunnel ionization. In contrast, an electron wave packet located in the inner region (r < r c ) does not contribute to tunnel ionization and can be ionized by the remaining laser field and contaminate the rescattering wave packet. This part can be assigned to multiphoton absorption (including excitation and ionization). To eliminate the contribution from the multiphoton absorption processes during the peak half cycle, we remove the electron wave packet from the inner region close to the core after IQ2. Note that a similar method was successfully used to obtain all the details of the rescattering process in a full nonperturbative quantum simulation [29] . This may justify the validity of the present method used to separate tunnel ionization from multiphoton ionization approximately. Figure 1 shows photoelectron momentum spectra created only during the peak half cycle of the laser field and propagated in the remaining pulse [ Fig. 1(a) ] and from the whole ten-cycle pulse [ Fig. 1(b) ]. We see the expected strong yield along the laser polarization direction due to tunnel ionization for both cases. However, it is interesting and informative to compare the global patterns of the low-(transparent circles) and highenergy (ellipses) structures highlighted. Due to interferences between electron wave packets ionized from different half cycles, the ten-cycle spectra have more complex and detailed low-energy spiderlike structures than the half-cycle spectra. At intermediate energy-momenta (P z > 0.5 a.u.), the electron density is mainly distributed along the polarization direction, with moderate density modulations appearing in the half-cycle case. These oscillations still exist in the ten-cycle field but are more difficult to see because of the presence of many sharp peaks due to interferences from different half cycles. Therefore, we focus now on the physical mechanisms giving rise to the features observed in the case of half-cycle ionization and subsequent propagation.
To investigate the contribution of multiple rescattering, we turn on (or off) the laser field at a certain time period after ionization, in half-cycle intervals. To investigate the origin of the moderate oscillations, we further analyze ionization from each quarter cycle of the half-cycle field. Figure 3 plots results from the ionization process restricted only to the peak half cycle of the laser field and the electron wave-packet propagation in the remaining laser field (PHr). To illustrate the important physical processes, we also show the photoelectron spectra when the laser field is turned off immediately after the ionization (PH0), after one half cycle (PH1), after four half cycles (PH4), and after seven half cycles (PH7). We see that the low-energy peaks disappear if we turn the laser field off immediately after ionization, whereas oscillations at intermediate and high energies still appear. This demonstrates conclusively that the low-energy peaks are associated with electron wave-packet propagation or rescattering processes in multiple half cycles of the laser field, consistent with the PSW interference model. By including the next half cycle of the laser field (Figs. 2 and 3, PH1) , the amplitude of the high-energy oscillation is enhanced, while peaks still do not emerge at the lower energies. As we include an increasing number of subsequent half cycles (Fig. 3, PH4 and PH7 ), lower-energy peaks eventually appear. These calculations therefore confirm that the low-energy fine structure originates from the multiple rescattering of the electron wave packet ionized and driven in a long wavelength mid-IR laser field. 
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After turning the laser field off immediately after the ionization occurs at the peak of the laser field, we expect that the photoelectron spectra will become smooth since the rescattering process is turned off. Figure 3(a) (PH0) , however, shows moderate oscillations in the energy domain. To investigate the origin of the higher-energy oscillations, we further recast ionization into the first and second quarters (IQ1, IQ2) of the peak half cycle as depicted in Fig. 2 . Note that we classify the electron ionization in the IQ1 (IQ2) by the integration period in Eq. (2) . The electron may actual be ionized at a later time. Our results are shown in Fig. 3(b) . Here we see that ionization mainly comes from the first quarter cycle and that the yield oscillations are smeared. We also see that the ionization yield from the second quarter cycle is about 10% and that the oscillations are gone. Thus we conclude that the interference between the EWPs ionized during the first and second quarter cycles is responsible for the oscillations of the total yield in the energy domain as seen in Fig. 3(b) (PH0). The larger contribution of IQ1 can be understood from the fact that the IQ1 field not only ionizes the atom but also significantly excites the ground-state population, which can be further ionized by the IQ2 field [see Eq. (2)]. This results in a large yield from the IQ1 period and gives rise to the oscillations of the electron yield. For IQ2, such a process is suppressed.
This interference results in the moderate longitudinal oscillation marked by the ellipses in Fig. 1 . Since this interference results from electrons that tunnel during the same half cycle, we call it "intra-half-cycle interference." These intra-half-cycle interferences are different from the intracycle interferences that result from electrons that tunnel at the same vector potential and create oscillations [31] and carpetlike structures [32] .
In principle, the same low-and high-energy interference structures should also appear in photoelectron spectra generated by shorter laser wavelengths. Thus, in Fig. 4 , we compare the photoelectron spectra generated in a half-cycle period and propagated in the remaining laser fields (PHr) for a given laser intensity (10 14 W/cm 2 ) [ Fig. 4(a) ] or a given Keldysh parameter [γ = I P /(2U p ) = 0.75, with I p the ionization potential of the atom and U p the pondermotive energy of the electron in the laser field] [Fig. 4(b) ] with different laser wavelengths and a pulse duration of ten optical cycles. We also plot the photoelectron spectra if the laser field is turned off immediately after ionization (PH0). The difference between the two can be attributed to multiple scatterings. For the laser intensity shown in Fig. 4(a) , we see that (1) the oscillation amplitude due to intra-half-cycle interference (PH0) decreases as the laser wavelength decreases; (2) the relative magnitude of the lower-energy peaks due to multiple scattering also decreases as the laser wavelength decreases; and (3) the strength of the photoelectron spectra decreases as the laser wavelength decreases (the tunneling time is shorter for shorter wavelengths). For the Keldysh parameter shown in Fig. 4(b) , both the general pattern and the yields are almost independent of laser wavelength. This also explains that in SFI the lower-energy structures [27, 33] mainly depend on the Keldysh parameter. From this observation, we conclude that low-energy photoelectron peaks should also be observed for 800-nm and even 400-nm laser fields, not necessarily only for mid-IR laser fields. However, experiments to date have not reported such low-energy features for wavelengths below 800 nm.
We emphasize that the above analysis makes it possible to separate the contributions of tunnel ionization that happens in the half-cycle laser field, from multiphoton ionization. To understand the discrepancies between experiment and theory, we separate tunnel ionization from multiphoton ionization. We note that after a half-cycle ionization period there are still low-energy electron wave packets that result from multiphoton ionization. Thus, the final photoelectron spectra after half-cycle ionization can be separated into two parts: electron wave packets due to multiphoton ionization at short distances and electron wave packets due to tunnel ionization at distances greater than r c . In Fig. 4 , we exclude contributions due to multiphoton ionization. Table I shows the ratio of the tunnel ionization probability to the total ionization probability for half-cycle ionization, which explains why the prominent low-energy features were experimentally observed only in the long-wavelength regime. Note that in Fig. 4(b) , for the given Keldysh parameter, the laser intensity of 800 nm is 2 × 10 14 W/cm 2 . For such an intensity, ionization is dominated by over-the-barrier ionization [34] , not tunnel ionization. We see that two conditions have to be satisfied simultaneously in order to observe prominent low-energy features: first, multiple scattering of the tunnel-ionized electron wave packet is necessary; second, tunnel ionization must dominate over multiphoton ionization. While the first condition is satisfied more or less for all laser wavelengths, the second condition is satisfied only for longer laser wavelengths (see Table I ). This is also illustrated in Fig. 4(a) , where we see that the relative modulation and photoelectron yields for shorter wavelengths (i.e., 400 and 800 nm) are weaker than for a longer wavelength (1600 nm), while the total ionization rates for short wavelengths are much larger than for long wavelengths. When the contributions of multiphoton ionization and tunnel ionization are comparable, the final photoionization spectra can come from multiphoton ionization, tunnel ionization, and the interference between the two. This is the reason why we can only separate the two processes at the wave-function level, not the photoionization spectra level.
In conclusion, by solving the time-dependent Schrödinger equation in the integral form, and analyzing the ionization in a half-cycle of the laser field, we showed conclusively that low-energy-momenta structure in the photoelectron angular distribution originates from multiple scatterings. We also explained that the lower-energy structures are only observed experimentally for long driving wavelengths because multiphoton ionization also plays an important role for shorter laser wavelengths. Furthermore, we attribute the moderate longitudinal oscillations at higher electron energy-momenta to intra-half-cycle interference of the electron wave packets.
